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Abstract
We introduce a methodology to test models with spatial variations of the fine-
structure constant α, based on the calculation of the angular power spectrum of
these measurements. This methodology enables comparisons of observations and
theoretical models through their predictions on the statistics of the α variation.
Here we apply it to the case of symmetron models. We find no indications of
deviations from the standard behavior, with current data providing an upper
limit to the strength of the symmetron coupling to gravity (log β2 < −0.9) when
this is the only free parameter, and not able to constrain the model when also
the symmetry breaking scale factor aSSB is free to vary.
Keywords: Cosmology, Fundamental couplings, Fine-structure constant,
Astrophysical observations
1. Introduction
Astrophysical tests of the stability of dimensionless fundamental couplings
such as the fine-structure constant α are a powerful probe of cosmology as well
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as of fundamental physics [1, 2]. The analysis of a dataset of 293 archival data
measurements from the Keck and VLT telescopes by Webb et al. provided an
indication of spatial variations with an amplitude of a few parts per million,
with a statistical significance of 4−σ [3]. Even though there are concerns about
possible systematic effects in this dataset [4] and the statistical significance itself
decreases when this dataset is analyzed jointly with more recent data [5], it is
important to consider the theoretical implications of such results, also bearing
in mind that forthcoming astrophysical facilities will enable much more precise
tests in the near future.
At a phenomenological level it is common to fit the astrophysical measure-
ments with a simple dipole, with or without an additional dependence on red-
shift or look-back time [3, 5]. On the other hand, from a theoretical point of
view simplistic dipole models would require strong fine-tuning to explain such
a behavior, and a physically motivated approach would rely on environmental
dependencies [6]. This therefore calls for more robust methodologies which en-
able accurate comparisons between models and observations. Early work along
these lines was done by Murphy et al., who calculated the two-point correlation
function of the Keck subsample of the aforementioned archival data, finding it
to be consistent with zero [7]. In this paper we move from the two point angular
correlation function to the calculation of the angular power spectrum of these
measurements. The aim of adopting this approach is to be able to compress the
data information in such a way to allow for comparison with the predictions of
theoretical models. As a proof of concept, in this paper we apply this method
to the case of the symmetron model, for which the environmental dependence
of α has been previously studied using N-body simulations [8].
In Section 2 we present a concise overview of the symmetron model. Section
3 presents the methodology used to compress the α measurements into angular
power spectra. In section 4 we calculate the theoretical power spectrum for the
symmetron model and present our analysis methodology, leading to the results
discussed in Section 5. Finally, in Section 6 we summarize our results and the
outlook for this methodology.
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2. Symmetron model
The symmetron model is a scalar-tensor modification of gravity, introduced
in order to achieve an additional long range scalar force while still satisfying
local gravity constraints thanks to the environment density dependence of its
coupling to matter. This modification of gravity is described by the action [9]
S =
∫
dx4
√−g
[R
2
M2pl −
1
2
(∂φ)2 − V (φ)
]
+ Sm(Ψm; gµνA
2(φ)) (1)
where g = det(gµν),Mpl = 1/
√
8piG and Sm is the matter-action. The confor-
mal coupling between the scalar field and the matter fields Ψm expressed by
g˜µν = gµνA
2(φ), is assumed to be the simplest one consistent with the potential
symmetry,
A(φ) = 1 +
1
2
( φ
M
)2
, (2)
with M and µ arbitrary mass scales. This coupling leads to a fifth force, which
in the non-relativistic limit is given by
−→
F φ ≡ dA(φ)
dφ
−→∇φ = φ
−→∇φ
M2
. (3)
The potential is chosen to be of the symmetry breaking form
V (φ) = −1
2
µ2φ2 +
1
4
λφ4, (4)
The dynamics of the scalar field φ is determined by an effective potential which
in the non-relativistic limit (relevant for the astrophysical measurements) has
the form
Veff (φ) = V (φ) +A(φ)ρm =
1
2
( ρm
µ2M2
− 1
)
µ2φ2 +
1
4
λφ4 ; (5)
this means that in the early Universe or, in general, when the matter density
is high, the effective potential has a minimum φ = 0 where the field will reside.
As the Universe expands, the matter density dilutes until it reaches a critical
density ρSSB = µ
2M2 for which the symmetry breaks and the field moves to
one of the two new minima φ = ±φ0 = ±µ/
√
λ.
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The fifth-force between two test particles residing in a region of space where
the field has the value φ = φlocal can be calculated to be [9]
Fφ
Fgravity
= 2β2
(φlocal
φ0
)2
∼ 2β2
(
1− ρ
µ2M2
)
, (6)
for separations of the Compton wavelength λlocal = 1/
√
Veff,φφ(φlocal), where
the coupling strength to gravity is given by
β =
φ0Mpl
M2
(7)
For larger separations or in the cosmological background before symmetry break-
ing, φlocal ≈ 0 and the force is suppressed. After symmetry breaking, the
field moves towards φ = ±φ0 and the force is comparable to gravity for β =
O(1). Non-linear effects in the field-equation ensure that the force is effec-
tively screened in high density regions. The symmetry breaks at the scale factor
aSSB = (ρm,0/ρSSB) and the range of the fifth-force when the symmetry is bro-
ken is given by λφ0 = 1/(
√
2µ), where local gravity constrains satisfy λφ0 . 1
Mpc/h for symmetry breaking close to today, i.e. aSSB ≈ 1 [10].
Since the symmetron scalar field is a dynamical degree of freedom, one nat-
urally expects it to couple to the other degrees of freedom in the Lagrangian,
unless a new symmetry is postulated to suppress these couplings. In particular,
we can assume that it couples with the electromagnetic sector of the theory [8]
SEM = −
∫
dx4
√
gBF (φ)
1
4
F 2µν , (8)
where BF is the gauge kinetic function which leads to α = α0B
−1
F (φ). With
the same choice of quadratic coupling B−1F (φ) = 1 +
1
2β
2
γ
(
φ
M
)2
one gets the
following variation of the fine structure constant
δα ≡ ∆α
α
=
α(φ)− α0
α0
= B−1F (φ)− 1 =
1
2
(βγφ
M
)2
. (9)
Considering perturbations of the scalar field in Fourier space, the power spec-
trum for variations of α in the linear regime can be connected to the matter
power spectrum Pm(k, a) as follows [8]
Pδα(k, a) =
[
3ΩmH
2
0β
2
γβ
2
a(k2 + a2m2φ)
(
φ
φ0
)2]2
Pm(k, a). (10)
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where Ωm and H0 are the present-day matter density and Hubble parameter,
βγ is the scalar-photon coupling relative to the scalar-matter coupling, k is the
co-moving wavenumber, m2φ = Veff,φφ(φ¯) is the scalar mass in the cosmological
background, and (φ/φ0) is the background scalar field value. For a ≥ aSSB we
can write(
φ(a)
φ0
)2
=
(
1−
(aSSB
a
)3)
, m2φ(a) =
1
λ2φ0
=
(
1−
(aSSB
a
)3)
. (11)
Pδα is plotted in figure 1; it is also useful to write it as
Pδα(k, a) =
[
0.33Ωm10
−6β2γβ
2
a((k/mφ)2 + a2)
(
λφ0
Mpc/h
)2]2
Pm(k, a). (12)
3. Observational data
Currently available astrophysical measurements of α come from high-resolution
spectroscopy of absorption clouds along the line of sight of bright quasars. In
addition to the 293 archival measurements of Webb et al. [3] there are 20 more
recent dedicated measurements discussed in [11], making a total of 313 mea-
surements. From now on we refer to the former as Webb and as All to the
combination of these with the latter. For each of them, apart from the mea-
surement of the relative variation of α itself, the sky coordinates and redshift
of the absorber (spanning the range 0.2 < z < 4.2) are known with negligible
uncertainty. We can compress this information in an angular power spectrum
C`, to be compared with statistical predictions coming from theoretical models.
In order to do this, we obtain the two-point correlation function c(ϑ) from
the δα(θ, φ) measurements [7]
c(ϑ) =
1
n¯2fsky
< δα(θ, φ)δα(θ
′, φ′) >, (13)
where the brackets < . > correspond to the average taken over all possible
orthodromic separations ϑ. Since the measurements of δα are sparse on the
sky (effectively point sources), the discreteness of the data has been taken into
5
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Figure 1: Theoretical power spectrum Pδα(k, a) given by eq. 10 as a function of the wavenum-
ber k for a = 1, β = 1, λφ0 = 1 Mpc/h and different symmetry breaking scale factors
aSSB = [0.33, 0.5, 0.66]. Note that strictly speaking eq. 10 only applies in the linear regime,
so the behaviour beyond this should be taken with care. Following [8] a normalization factor
x = 0.06(0.5/aSSB) was used.
account following the procedure of [12]: 4pifsky steradians is the assumed cov-
erage of the sky of the dataset and n¯ = N/(4pifsky) is the corresponding mean
number density over the observed part of the sky (with N as the number of
sources).The data we consider here are effectively sparse point sources spread
over the whole sky, therefore we take fsky = 1. This assumption provides a
conservative estimate of the measurements density n¯ and therefore of the power
spectrum estimation, despite also affecting cosmic variance, decreasing its im-
pact on the estimator noise. Future more complete datasets will allow to deal
properly with these aspects, exploiting also techniques commonly used for other
cosmological observables, such as CMB or galaxy surveys, and therefore to ob-
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tain a more precise estimate of the error contributions.
In this work we are also neglecting the redshift information of the δα measure-
ments; in practice we are assuming that δα has no redshift dependence and all
the deviations from the standard value are brought by spatial variations. This
approach is acceptable with the current state of the data, but it will be crucial to
include redshift information when the data will reach a sensitivity allowing for
a tomographic reconstruction of δα. Moreover, including the possibility of δα(z)
will be necessary to test theoretical models which also predict a time evolution
for the fine structure constant.
We can in principle perform a Legendre transform of the angular correlation
in order to obtain the angular power spectrum C` as[13]
C` =
∫
c(ϑ)P`(cosϑ)dΩ. (14)
where P`(cosϑ) is the Legendre polynomial and Ω the solid angle. In practice,
we compute the power spectrum estimator Cˆ` as
Cˆ` = 2pi
∑
ϑ
c(ϑ)P`(cosϑ)sinϑ∆ϑ (15)
with ∆ϑ being the difference between consecutive values of the angular separa-
tion ϑ. The expected error of the power spectrum estimator can be obtained
from [12]
Σ2 =
2
(2l + 1)fsky
(σ2f
n¯
+ Cˆ`
)2
(16)
which includes both contributions of the shot noise ΣSN and cosmic variance
ΣCV that can be expressed as
ΣSN =
√
2
(2l + 1)fsky
σ2f
n¯
, ΣCV =
√
2
(2l + 1)fsky
Cˆ`. (17)
σf is obtained from the measurements’ errors
1 σj weighting each measurement
with a factor w2i given by
w2i =
Nσ−2i∑
j σ
−2
j
(18)
1if both systematic and statistical errors are known, we use the combined error obtained
by adding them in quadrature
7
which yields the aforementioned quantity σf as
σ2f =
N∑
j σ
−2
j
. (19)
Often there are several measurements of δα at different redshifts along the
same line of sight as the light from the quasar can go through more than one
absorption cloud until it reaches Earth. To avoid null angular separations in the
computation of Eq. (13), we choose to use the weighted mean measurement for
measurements in the same line of sight. Our full dataset includes measurements
from 156 independent lines of sight. Before computing the correlation function,
the dataset is analyzed and replaced by new values of weighted redshift, zw,
weighted δα,w and its corresponding weighted error, σw described by
zw =
∑
i wi × zi∑
i wi
,
∆α
α
∣∣∣∣
w
=
∑
i wi × ∆αα i∑
i wi
, σ2w =
1∑
i wi
(20)
where w is the weight given by wi = 1/σ
2
i and the index i runs over the mea-
surements on each line of sight.
Figure 2 shows the angular power spectra Cˆ` obtained with the procedure
described above, considering the Webb dataset (left panel) and the All combi-
nation (right panel). We notice how the inclusion of the new data, although
limited in the number of sources, leads to an improvement of the measured
power spectrum, thanks to the increased sensitivity.
Figure 3 shows instead the global error on the measurements and the contribu-
tions coming from shot noise and cosmic variance, where we can notice how the
former dominates over the latter even at the large scales considered.
4. Theoretical predictions and data analysis
We can now compare the observational power spectra with the predictions
made by the symmetron model. This entails expressing Eq. (10) in the form of
an angular power spectrum. Generically this can be written as 2D projection
of the 3D density field which in this case is the linear power spectrum P (k, z).
8
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Figure 2: Angular power spectrum estimation Cˆ` as a function of the multipole ` with its
expected error Σ for the Webb dataset , and for the All combination.
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Figure 3: Contributions to the error Σ coming from shot noise ΣSN (blue lines) and cosmic
variance ΣCV (red lines). The left panel refers to the Webb dataset while the right one shows
the case of the All combination.
In this paper we exploit the Limber approximation, which simplifies the calcula-
tions by avoiding integrations of Bessel functions. We warn the reader that this
approximation can significantly impact the calculation of the power spectra [13],
especially at the angular scales considered here; however, since the sensitivity
of the currently available data is far from allowing precision reconstructions of
Pδα , the use of more refined methods is outside the aim of this paper, but this
should be taken into account when more precise measurements will be available.
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Figure 4: Left panel: Source distribution function in redshift space for the archival dataset of
[3]. Right panel: Theoretical power spectrum C` for the symmetron model for different values
of the scale factor for the symmetry breaking aSSB .
In this approximation, we can compute the angular power spectrum as [13]
C` ≈
∫
dzW 2(z)
H(z)
d2A(z)
Pδα
(
k =
l + 1/2
r
; z
)
(21)
where W (z) is the normalized source distribution function in redshift space,
H(z) is the Hubble parameter function, dA(z) is the angular diameter function
and P (k, z) is the linear power spectrum previously obtained in Eq. (10), with
k = l+1/2r , and r is the comoving distance. We reconstruct the source distri-
bution function with a 20 bins histogram from each dataset considered. The
example of the archival dataset source distribution can be found in figure 4.
In order to compare these theoretical spectra with the observational data, we
use the publicly available code COSMOMC [14], modified in such a way to compute
from a set of parameters the theoretical power spectrum of Eq. (21), where Pδα
is given by Eq. (11).
We consider here as free parameters the scale factor when the symmetry
breaks (aSSB) and the product of the coupling βγβ (from now on simply named
β for simplicity), while we fix the range of the fifth force when the symmetry is
broken to λφ0 = 1 Mpc/h: this choice saturates the local gravity constraint of
[10] and was also used in the N-body simulations of [8]. In principle, also the
standard cosmological parameters should be included in the analysis as they
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affect the calculation of the power spectra through Eqs. (10,21). However,
current α datasets would not be able to simultaneously constrain the standard
and symmetron parameters, therefore additional observables such as CMB or
supernovae should be included, provided the impact of a spatial variation of α
is included also in the analysis of these. We decide to leave these considerations
for a future, more detailed, paper on the topic and rather take for the standard
cosmological parameters the marginalized value from Planck 2015 [15], focusing
only on constraints of the symmetron parameters.
5. Results
In this section we highlight the results obtained applying the analysis de-
scribed above. In our first analysis, we allow both aSSB and log β
2 to vary
assuming flat prior distributions2, while fixing λφ0 = 1 Mpc/h. Figure 5 shows
the posterior distribution for each of the two free parameter using different
datasets.
Overall we find that the Webb dataset is not able to constrain the two pa-
rameters simultaneously and no deviations from a vanishing α variation are
found. As the recent dedicated measurements are consistent with a non-varying
α, when combined with the larger archival dataset, they lead again to an agree-
ment with a vanishing β2, but they are still not able to put bounds on the
parameters.
We also perform our analysis with only one free parameter, fixing logβ2 = 1
and λφ0 = 1 Mpc/h, again on the grounds that they were used in the N-body
simulations of [8], we find that the Webb dataset is not able to constrain aSSB ,
while for the All combination we find a 2 − σ lower limit aSSB > 0.43, as
displayed in the top panel of Figure 6.
On the other hand, considering logβ2 as the only free parameter while fixing
2we sample log β2 instead of β2 in order to better sample the low coupling limit
11
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Figure 5: Top panel: 1 and 2 − σ confidence regions in the aSSB − log β2 plane obtained
using the Webb (blue contours) and the All (red contours) datasets. Bottom panels: posterior
distributions for aSSB (left panel) and log β
2 (right panel), where blue solid lines refer to the
results obtained using the Webb dataset and red dashed ones refer to the All combination.
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aSSB = 0.33 aSSB = 0.50 aSSB = 0.66
Webb < −0.5 < 0.2 < 1.2
All < −0.9 < −0.2 < 0.7
Table 1: Two-σ constraints on the symmetron parameter logβ2 given by the Webb dataset
and the All combination, for different fixed values of aSSB ; λφ0 = 1 Mpc/h was also used
throughout.
λφ0 = 1 Mpc/h and different values of the epoch of symmetry breaking (specif-
ically aSSB = 0.33, 0.5 and 0.66), the results shown in Figure 6 and Table 1
show that, as expected, if the symmetry breaks more recently a larger coupling
value is allowed. Again the recent measurements improve the constraints from
the archival measurements and, also in this case, we find that the results are
consistent with a vanishing β.
6. Conclusions and outlook
In this work we have introduced a new methodology to accurately test mod-
els with spatial and/or environmental (local density dependent) variations of
the fine-structure constant α. These are based on the calculation of the angular
power spectrum of these measurements, which are standard in other cosmolog-
ical contexts. For concreteness we have also applied these tools to the case of
α variations in symmetron models. We find that currently available data are
not able to constrain the symmetron parameters aSSB and log β
2 when they are
both considered as free parameters. If instead the only free parameter is the
strength of the coupling to gravity β2, we find that the data do not show any
deviations from the standard behavior and rather provide an upper limit for
this coupling, which is log β2 < −0.9 in the most constraining case considered
here.
Our results highlight the fact that a relatively small number of stringent
measurements— the recent dedicated measurements discussed in [11]—lead to
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Figure 6: Top panel: posterior distribution for the aSSB parameter, using the Webb dataset
(blue solid lines) and the All combination (red dashed lines). Here we have fixed log(β2) = 1
and λφ0 = 1. Bottom panels: posterior distribution for the logβ
2 parameter with different
values of aSSB . On the left panel we use the Webb dataset, and on the right panel the All
combination. In all both cases we keep λφ0 = 1 fixed.
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stronger constraints when they are combined with the larger dataset of earlier
measurements. The current best constraints on the parameter β come from
pulsar timing constraints on Brans-Dicke type scalar tensor theories (of which
symmetrons are an example), which correspond to β . 10−2 [10]. While our
constraint is weaker, it comes from α measurements alone. Combining this with
other cosmological datasets will lead to more stringent constraints; we leave this
extended analysis for subsequent work.
Our results should be seen as a proof of concept, in the sense that they
are limited by the uncertainties of the available α measurements. Future high-
resolution ultra-stable spectrographs, in particular ESPRESSO [16] (due for
commissioning at the combined Counde´ focus of the VLT in 2017) and ELT-
HIRES [17] (for the European Extremely Large Telescope, whose first light is
foreseen for 2024), both of which have these measurements as a key science
and design driver, will lead to significantly more sensitive measurements, both
in terms of statistical uncertainties and in terms of control over possible sys-
tematics. As discussed above, the use of more sensitive data and complete
surveys will require a further step in the analysis, revising the assumptions
made here for the calculation of both the theoretical and observational power
spectra. On the other hand, these will enable more detailed studies, including
a tomographic analysis (dividing the data into several different redshift bins)
and, should variations be confirmed, model selection studies comparing vari-
ous possible theoretical paradigms. A discussion of these possibilities is left for
subsequent work.
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